In Part I ͓Phys. Fluids B 2, 1190 ͑1990͔͒ and Part II ͓Phys. Plasmas 12, 082508 ͑2005͔͒, it was emphasized that the equilibrium plasma viscous forces when applied for the magnetohydrodynamic ͑MHD͒ modes are only rigorously valid at the mode rational surface where m − nq = 0. Here, m is the poloidal mode number, n is the toroidal mode number, and q is the safety factor. This important fact has been demonstrated explicitly by calculating the viscous forces in the plateau regime in Parts I and II. Here, the effective viscous forces in the banana regime are calculated for MHD modes by solving the linear drift kinetic equation that is driven by the plasma flows first derived in Part I. At the mode rational surface, the equilibrium plasma viscous forces are reproduced. However, it is found that away from the mode rational surface, the viscous forces for MHD modes decrease, a behavior similar to that observed in the viscous forces for the plateau regime. The proper form of the momentum equation that is appropriate for the modeling of the MHD modes is also discussed.
I. INTRODUCTION
It is important to recognize the differences in physics between the short and the long mean-free-path regimes [1] [2] [3] when attempts are made to extend the collisional fluid equations to the collisionless limit. In the collisional PfirschSchluter regime, 4 because Coulomb collision operator dominates the kinetic part of the drift kinetic equation where the spatial gradients reside, the solution procedure involves a series of inverting Coulomb collision operator in the velocity space. The spatial dependences appear as a perturbation and are treated as parameters in the solution procedure. Symbolically, this can be understood and expressed as follows:
... ,
where C is the collision operator, f is the particle distribution function, and L denotes the kinetic part of the kinetic equation that describes the motion of the particles in the presence of the fields; the subscript denotes the ordering of the expansion. The small parameter in the expansion procedure here symbolically is ͉L / C ͉ 1. Thus, the results for the transport fluxes such as parallel heat flux and viscous forces obtained by using Chapman-Enskog approach 5 in the collisional regime are applicable at any radius of the plasma column. The expressions for the equilibrium plasma viscous forces are applicable for the magnetohydrodynamic ͑MHD͒ modes as well. One just perturbs the relevant quantities in the expressions of the equilibrium viscous forces for the MHD modes. Note, however, that the complete Chapman-Enskog approach is only valid for the local transport in the regime where collision frequency dominates.
In the long mean-free-path regime, the kinetic part of the drift kinetic equation dominates the Coulomb collision operator, i.e., symbolically, ͉L ͉ ͉C͉, the spatial dependences can no longer be treated as parameters, and they dictate the leading order solution. For this reason, the results become mode dependent.
1,2 The expressions for the plasma viscous forces are different for different modes. The results obtained by simply perturbing the expressions of the equilibrium viscous forces are no longer valid everywhere for the MHD modes in the long mean-free-path regime. This important difference has been emphasized and demonstrated explicitly in Parts I and II by examining the results of the calculated plasma viscous forces for the plateau regime.
1,2 The calculation is accomplished by solving the drift kinetic equation that is driven by the velocity stress first derived in Ref. 1 . That drift kinetic equation is derived from a kinetic equation that is valid when the magnitude of the fluid flow velocity is comparable to that of the plasma thermal speed. 6 Furthermore, because the kinetic part of the drift kinetic equation dominates in the long mean-free-path regime, the complete Chapman-Enskog approach for the collisional regime is no longer valid in the long mean-free-path regimes and only the asymptotic expansion part of the approach is applicable. This is because the perturbed particle distribution function is localized in the phase space. Thus, the perturbed density, and perturbed pressure calculated from the perturbed particle distribution function in the long mean-free-path regime do not vanish,
as emphasized in Refs. 1 and 2. Here, ñ and p are perturbed density and perturbed pressure, respectively, f is the perturbed particle distribution, M is the mass, v is the particle velocity, and v = ͉v͉ is the particle speed. This is in contrast to the assertions that ñ = 0 and p = 0 made in Ref. 7 by evoking Chapman-Enskog approach even though the original Chapman-Enskog approach is neither designed nor intended for the applications in the long mean-free-path regime. The fact that ñ, and p do not vanish has an important implication on the proper form of the momentum equation that should be used in modeling MHD modes in the long mean-free-path regime. It is also illustrated in Part III 3 that when ChapmanEnskog approach is applied for calculating the nonlocal parallel heat flow, 8 one misses the scaling of the collision frequency that marks the transition from the local transport process to the nonlocal transport process by a factor of ١ ʈ ͑ln T͒, a quantity that is much less than unity for most of the fusion applications. Here, ١ ʈ = n · ١, where n is the unit vector in the direction of the magnetic field B. Thus, we have illustrated that, as expected, the Chapman-Enskog approach should not be applied beyond its domain of validity.
Here, we calculate the effective plasma viscous forces for the MHD modes in the banana regime. We solve the linear drift kinetic equation that is driven by the velocity stress first derived in Part I. At the mode rational surface, our results are the same as the equilibrium plasma viscous forces. Away from the mode rational surface, however, viscous forces for the MHD modes decrease. The expressions for the effective forces can be used to model resistive MHD modes such as the resistive wall modes.
We would like to note that recent works on the fluid closure are focused on finite gyroradius effects, 9, 10 while this series of papers ͑Parts I, II, III, and VI͒ is concentrated on the effects of the magnetic geometry that has little to do with the gyrophase.
The rest of the paper is organized as follows. In Sec. II, we calculate the perturbed particle distribution function in the presence of MHD modes. We adopt a procedure similar to that of the ballooning mode representation to obtain a periodic solution in the poloidal angle . We calculate the effective plasma viscous force in the banana regime including both the collisional part and the frequency-dependent part in Sec. III. In Sec. IV, we discuss the proper form of the momentum equation that should be used in the modeling the MHD modes. The concluding remarks are given in Sec. V. In the Appendix, we discuss the solubility constraint of the equation we solve.
II. LINEAR DRIFT KINETIC EQUATION AND ITS SOLUTION
The linear drift kinetic equation derived in Part I, and in Refs. 11 and 12, using a drift kinetic equation with finite plasma flow speed, 6 is
where g is the perturbed particle distribution, v ʈ is the particle speed parallel to the magnetic field B, V ʈ is the mass flow speed parallel to B, V E is the equilibrium E ϫ B drift velocity, E is the equilibrium radial electric field, C͑g͒ is test particle part of the Coulomb collision operator, v t = ͱ 2T / M is the particle thermal speed, T is plasma temperature, M is the mass, f M is the shifted Maxwellian distribution function, V is the mass flow velocity, p is the plasma pressure, q is the heat flow, c is the speed of light, N is plasma density, e is charge of the plasma species, B = ͉B͉,
4 , and x = v / v t . Note that Eq. ͑5͒ is valid for all plasma species. The subscripts that denote plasma species in species-dependent quantities in Eq. ͑5͒ are suppressed for simplicity. By examining the driving terms of Eq. ͑5͒, it is clear that we adopt here an eightmoment approach 13 in the sense that N, p ͑or T͒, V, and q in the fluid equations are treated as independent variables and the pressure anisotropy and the heat anisotropy are the closure quantities that are calculated from the solution of the kinetic equation in terms of these independent variables. 13 The fact that the eight-moment approach is adequate for our purpose can be seen from the fact that all neoclassical transport coefficients can be accurately reproduced using this approach to better than 5%. 13 One could improve the accuracy by including more moments as independent variables, similar to what has been done in the NCLASS code.
14 A recent extension of the drift kinetic equation with the finite plasma flow speed to include the equilibrium pressure anisotropy 15 is useful for physical situations such as neutral particle beam heated tokamaks. We are more interested in the physical situations where the bulk equilibrium plasma distribution function is a Maxwellian distribution function. An example of using the drift kinetic equation with small plasma flow speed 16 for a neutral particle beam heated tokamak to calculate the bootstrap current has been illustrated in Ref. 16 .
We solve Eq. ͑5͒ using a pitch angle scattering operator for C͑g͒, i.e., 13, 17 
where D is the deflection frequency defined in Refs. 13 and 17, = Mv Ќ 2 / ͑2B͒ is the magnetic moment, and v Ќ is the particle speed that is in the direction perpendicular to the magnetic field B. Note that a pitch angle scattering operator is adequate because in a large aspect ratio tokamak, the pitch angle scattering operator dominates the energy scattering operator by a factor of 1 / , where is the inverse aspect ratio.
When there are MHD modes present, the right side of Eq. ͑5͒ has two types of the angle variation. One has the mode structure. For example, for an ͑m , n͒ mode, the mode structure is exp͓i͑m − n͔͒ for double periodic toroidal plasmas, where m is the poloidal mode number, n is the toroidal mode number, and is the toroidal angle. The other type of the variation is caused by the poloidal angle dependence of the equilibrium magnetic field for toroidally symmetric tokamaks. For simplicity, we will only calculate the effective plasma viscous forces for a single mode. When there are two or more modes present, as is often the case in real tokamaks, one could sum the results for a single mode over all the modes.
For simplicity, we only keep the velocity and the heat flow stress term in Eq. ͑5͒ in the calculation. We group these terms in terms of the sine and the cosine series, and a term proportional to ͑‫ץ‬B / ‫͒ץ‬ / B. The only reason to separate ͑‫ץ‬B / ‫͒ץ‬ / B from the sine series is to make the contact with the well-known equilibrium theory. 13 Otherwise, the sine series also cover the term proportional to ͑‫ץ‬B / ‫͒ץ‬ / B. We thus express
and, similarly,
where ␥ is the growth rate of the MHD modes, the quantities with subscript k are Fourier amplitudes of the corresponding sine or cosine series, V p is similar to the equilibrium quantity V · ١ / B · ١, and q p is similar to q · ١ / B · ١ in the equilibrium. Note that both perturbed poloidal flow and the perturbed radial flow are included in Eqs. ͑7͒ and ͑8͒. Thus, the assumption that ‫ץ‬ / ‫ץ‬r ‫ץ‬ / ͑r ‫ץ‬ ͒ is not made here. The solution for Eq. ͑5͒ has the following form
where G͑͒ is the amplitude of the ͑m , n͒ mode. We will treat = m − n as an independent variable. Substituting Eqs. ͑7͒-͑9͒ into Eq. ͑5͒ yields an equation for G,
We solve Eq. ͑10͒ in the banana regime by expanding it in terms of the small parameter that is the ratio of the effective collision frequency or the Doppler shifted mode frequency to the bounce frequency of the trapped particles. The leading order equation is
͑11͒
and the next order equation is
where the subscripts "0" and "1" indicate the ordering of the expansion. Note that in obtaining Eqs. ͑11͒ and ͑12͒, we have neglected ͓͑V ʈ n + V E ͒ · ١͔ ‫ץ‬ G / ‫ץ‬ term. Physically, this omission corresponds to neglecting the effects of orbit squeezing, and assuming the flow is subsonic. The boundary conditions for G are as follows. For circulating particles, G is periodic in , i.e., G + ͑−͒ = G + ͑͒, and G − ͑−͒ = G − ͑͒, where, the subscript "+" or "−" indicates the sign of v ʈ . For trapped particles, G satisfies the reflection boundary condition at the turning points ± t , where ͉v ʈ ͉ = 0; i.e., G + ͑± t ͒ = G − ͑± t ͒ at the turning points. The fact that the solubility constraint for Eq. ͑11͒ for circulating particles is satisfied is shown in the Appendix. For trapped particles the solubility condition is not usually satisfied. Thus, one has to reorder Eq. ͑10͒. The details to deal with this issue are discussed in the Appendix.
Equation ͑9͒ can be easily integrated to obtain
where G p is the particular solution, and G h is the homogeneous solution. For the circulating particles,
and for the trapped particles,
where
We note here that the function G pf is for the case where the Doppler shifted mode frequency is much larger than the Coulomb collision frequency. In the opposite limit, G pf =0 ͑see discussion in the Appendix͒. The homogeneous solution G h is
and H is an integration constant with ‫ץ‬H / ‫ץ‬ = 0. We have to take the limit as L goes to ϱ in Eqs. ͑14͒ and ͑16͒ to make the particular solution G p , and the homogeneous solution G h periodic in , which is defined in the domain ͓− , ͔. It is obvious that the quantity of the summation S L , and its complex conjugate S L * converge as L goes to infinity. The method we use here to obtain the periodic solution is similar to that of the ballooning mode representation. 18, 19 Note
and for trapped particles, by evoking reflection boundary condition
where = B M / E, B M is the maximum value of B, which usually occurs at = ±, and
We note that even though G 1 is periodic in , G 1 exp͓i͑m − nq͔͒ is not. To obtain Eq. ͑17͒, we have to make G 1 exp͓i͑m − nq͔͒ periodic to impose the periodic boundary condition for circulating particles to annihilate the left side of Eq. ͑12͒ to solve for H. That is the reason for the appearance of S L in Eq. ͑14͒. When the Doppler shifted mode frequency is much larger than the collision frequency, H is, for circulating particles,
͑19͒
For trapped particles, H =0. We can calculate effective plasma viscous forces using the solutions shown in Eqs. ͑13͒-͑19͒.
III. EFFECTIVE PLASMA VISCOUS FORCES
When we take the ͗͐dvMBv ʈ ͘ and the ͗−͐dvMBv ʈ L 1 ͑3/2͒ ͘ moment of Eq. ͑10͒, we obtain the effective perturbed plasma viscous forces:
and
where J is the perturbed viscous tensor, ⌰ J is the perturbed heat viscous tensor, p ʈ is perturbed plasma pressure in the direction of B, p Ќ is the perturbed plasma pressure in the direction perpendicular to B, ⌰ ʈ =−͐dvMv ʈ 2 L 1 ͑3/2͒ f, and
As can been seen from the definitions of the effective viscous forces shown in Eqs. ͑20͒ and ͑21͒, it consists of not just the familiar viscous force but also the parallel pressure and ⌰ ʈ . This is because we only perform ͗A͘ , which is not the flux surface average. By only performing ͗A͘ , we can have effective viscous forces that have the exp͓i͑m − n͔͒ variation to model MHD modes. Note that performing ͗A͘ is a standard procedure in including neoclassical effects in the MHD modes such as neoclassical island, resistive wall modes, and linear neoclassical tearing modes [20] [21] [22] [23] [24] [25] [26] to isolate the mode of interest. We will remove such an average in a separate article so that the effects of the toroidal coupling can be included.
Substituting the solutions obtained in Sec. II into the right sides of the Eq. ͑20͒ and ͑21͒, respectively, we obtain the effective plasma viscous forces, which is the sum of the collisional part ͗B · ١ · J͘ eff,c, ,
and the frequency-dependent part ͗B · ١ · J͘ eff,t, , where
The definitions for the symbols in Eqs. ͑22͒ and ͑23͒ are
The definitions for the collision frequency are
and the deflection frequency
where the subscript in Eq. ͑29͒ denotes plasma species,
2 ͒, and
x dt exp͑−t 2 ͒ is the error function. Note that in Eq. ͑28͒, we suppress the subscript that denotes plasma species, and the is the self-collision frequency. It is also obvious that 2t = 0, i.e., in the frequency-dependent part of the plasma, viscous forces are diagonal, which is a known fact. [27] [28] [29] The effective heat viscous forces are again the sum of the collisional part,
and the frequency-dependent part,
Note that we have employed the insight gleaned from the time-dependent viscosity calculation 30 to sum the collision frequency-dependent part and the frequency-dependent part to form the overall time-dependent plasma viscosity here.
The effective viscous forces we calculate here are for each plasma species. The only quantity that depends on other species is D , which includes not only self-collision frequency but also collisions with other species. On the mode rational surface where m = nq, the plasma viscous forces are the same as those in the equilibrium. When ͉m − nq ͉ 1, all terms in Eqs. ͑22͒, ͑23͒, ͑30͒, and ͑31͒ decrease because higher harmonics become more important, and they have smaller amplitudes. This type of behavior does not exist if one simply perturbed the equilibrium plasma viscous forces for the MHD modes. Thus, we demonstrate explicitly that the notion that perturbed plasma viscous forces for the MHD modes can be obtained by simply perturbing the equilibrium plasma viscous forces in the long mean-free-path regime, similar to what has been done traditionally in the PfirschSchlüter regime, is not valid.
If we choose not to separate V p and q p from the other Fourier series terms in Eqs. ͑7͒ and ͑8͒, we just have to neglect all the terms except those that contain D V and D q in the expressions for the solution and the effective viscous forces. It is not too difficult to show that, in that case, the equilibrium plasma viscous forces emerge from the sin component in D V and D q .
The effective viscous forces we calculate here are for each ͑m , n͒ mode, and they are the amplitudes for the mode variation exp͓i͑m − n͔͒. Thus, the expressions for the total viscous forces ͗B · ١ · J͘ eff,total, for the modeling purposes are, for example,
The frequency-dependent part of the viscous forces can also expressed in term of the ‫ץ‬ / ‫ץ‬t, and the ١ operator, as demonstrated in Ref. 31 for the time-dependent equilibrium viscosity. It is obvious that if we average Eq. ͑32͒ over the equilibrium magnetic surface, the viscous force vanishes, as expected. The mode induced plasma viscous forces have no influence on determining the equilibrium plasma flows. Note, however, that neoclassical toroidal plasma viscosity does contribute to the toroidal momentum balance equation. 32, 33 The corresponding modification on the effective parallel viscous forces due to the symmetric breaking mechanism 33,34 is small and can be neglected.
IV. MOMENTUM EQUATION FOR MODELING MHD MODES
As noted in Eqs. ͑20͒ and ͑21͒ the effective plasma viscous forces include not only the pressure anisotropy but also the parallel plasma pressure. This indicates the proper momentum equation for modeling MHD modes should combine the pressure gradient ١p term and the viscous ١ · J term, so that the part related to the pressure and the viscous tensor in the momentum equation that is parallel to B becomes
Note that if one had insisted that p = 0 by evoking the Chapman-Enskog approach, 7 one would have concluded that
͑34͒
For large aspect ratio tokamaks ͉͑p ʈ ͉ Ͻ ͉p Ќ ͉͒, because the perturbed particle distribution is localized in the pitch angle space, where ͉v ʈ ͉ = 0, the physics consequence of Eq. ͑33͒ is very different from that of Eq. ͑34͒. This indicates that p = 0 by evoking Chapman-Enskog approach is not a valid assumption in the long mean-free-path regime, as originally emphasized in Parts I and II. Thus, the proper form of the momentum equation for modeling MHD modes is to combine ١p and ١ · J, as illustrated in Eq. ͑33͒.
To be clear, we have to emphasize that the perturbed pressure in Eqs. ͑33͒ and ͑34͒ is a result of the solution of the kinetic equation. There is still a perturbed pressure that results from the solution of the perturbed fluid equations. Thus, the complete description of the pressure and the viscous terms should be
͑35͒
Here, we use a subscript f to denote the perturbed pressure derived from the fluid equations, the very set of the equations we try to extend to the long mean-free-path regime. The last two terms on the right side of Eq. ͑35͒ describe the neoclassical dissipation effects.
V. CONCLUDING REMARKS
We have extended the plasma viscous forces for the MHD modes to the banana regime. It is valid not only at the mode rational surface but also away from it. From the expressions of the viscous forces we find that, similar to those in the plateau regime, the effective viscous forces decrease away from the mode rational surface in the banana regime. The calculated effective viscous forces can be used to model resistive MHD modes such as resistive wall modes and tearing modes.
We have illustrated that it has not been justified to apply the Chapman-Enskog approach beyond its domain of validity to the long mean-free-path regime. This point has been emphasized in Parts I, II, and III. We have shown, again, by examining the calculated effective plasma viscous forces, in contrast to the collisional regime, the procedure of simply perturbing the equilibrium plasma viscous forces is no longer applicable for MHD modes in the long mean-free-path regime.
We have demonstrated that the proper form of the momentum equation for modeling MHD modes is to calculate the combined ١p term and ١ · J term using the solution of the kinetic equation for the closure in the long mean-freepath regime. Again, in contrast to the collisional regime, the perturbed pressure does not vanish when calculated from the perturbed particle distribution function.
We note that in most of the calculations that include neoclassical effects in the MHD modes are using neoclassical dissipation mechanisms that are valid on the mode rational surfaces. We have calculated the neoclassical dissipation mechanisms that are not only valid on the mode rational surfaces but also away from them. The impacts of our results on the MHD modes are unknown and are to be investigated by including them in the MHD modeling codes.
Finally, our results are averaged over the poloidal angle to isolate the main mode of interest. Such an average will be removed in a separate article to include the effects of the toroidal coupling.
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APPENDIX: SOLUBILITY CONSTRAINT
The solubility constraint for Eq. ͑11͒ for circulating particles is
͑A1͒
To show that Eq. ͑A1͒ is valid, one just has to Fourier analyze the integrands, perform the necessary integrals, and importantly take the L → ϱ limit in S L . Physically, the validity of Eq. ͑A1͒ corresponds to the statement that circulating particles do not drift off the flux surface in the language of the transport theory. For trapped particles, the solubility for Eq. ͑11͒ is 
͑A2͒
In general, Eq. ͑A2͒ is not satisfied for trapped particles. Thus, one has to reorder Eq. ͑10͒ in the same way as has been done for nonaxisymmetric toroidal systems, 35 except by replacing the n · ١ operator in Ref. 35 with n · ‫ץ͓١‬ / ‫ץ‬ + i͑m − nq͔͒ operator. However, when the collision frequency dominates the Doppler shifted mode frequency, the solutions shown in Eqs. ͑14͒-͑17͒ are adequate to calculate the effective plasma viscous forces provided that we can show that any particle distribution function that has the form of g = h exp͓− i͑m − nq͔͒, ͑A3͒
with ‫ץ‬h / ‫ץ‬ = 0, does not contribute to the effective plasma viscous forces. To show this, we recall the definition of effective plasma viscous force
͑A4͒
The kinetic definition of the second term on the right side of Eq. ͑A4͒ is
͑A5͒
Substituting Eq. ͑A3͒ into Eq. ͑A5͒, and evaluating the integral yields
Combining Eqs. ͑A6͒ and ͑A4͒ yields ͗B · ١ · J͘ eff, = 0, for any particle distribution function g = h exp͓−i͑m − nq͔͒, with ‫ץ‬h / ‫ץ‬ = 0. This theorem is a generalization of the theorem that if a particle distribution does not vary along a magnetic field line, it does not contribute to the parallel viscous force, which was proven in Ref. 35 . Obviously, one can prove the same theorem for the effective heat viscous forces. When the Doppler shifted mode frequency is much larger than the collision frequency, there is an additional term that contributes to the particular solution for the trapped particles following the ordering shown in Ref. 35 by replacing the collision operator with the −͓␥ + i͑m − n ͔͒ operator. The additional term appears in this limit is because −͓␥ + i͑m − n ͔͒ operator does not conserve particles. This additional term is G pf , shown in Eq. ͑18͒.
